PACIFIC JOURNAL OF MATHEMATICS Vol. 84, No. 1, 1979 
2-FACTORIZATION IN FINITE GROUPS MAKOTO HAYASHI
Let G be a finite group, and S be a nonidentity 2-subgroup of G. Then, it is naturally conjectured that there exists a nonidentity i\Γ σ (S)-invariant subgroup of S, whose normalizer contains all the subgroups H of G with the following properties: (a)S is a Sylow 2-subgroup of H; (β)H does not involve the symmetric group of degree four; and (ΐ)C s (O 2 (H))c^θ2(H). The purpose of this paper is to give a partial answer to this problem, 1* Introduction* Suppose π is a set of primes, and X is a finite group. Let £^(X: π) be the family of all groups D that are involved in X with the following properties; (a)D possesses a normal simple subgroup E, (β)G D {E) £ E (that is, D/C induces outer automorphisms of E), and (Ύ)D/E involves a dihedral group of order 2p for some prime ί>(^5) in π.
THEOREM. Let π be a set of primes. Suppose G is a finite group, and S is a nonidentity 2-subgroup of G, Assume that for any nonidentity subgroup T of S which is normal in N G (S), (1) S is normal in some Sylow 2-subgroup of N G (T); and (2) &(N G (T)/G 0 (T):π) = φ. Then there exists a nonidentity subgroup W(S) of S which satisfies the following conditions (a) and (b): (a) W(S) is normal in N G (S); and (b) W(S)O(H) is normal in H for any solvable Ίi-subgroup H of G which satisfies the following conditions (a) and (/5): (a) S is a Sylow 2-subgroup of H: and (β) H is S 4 -free, where S 4
denotes the symmetric group of degree four. REMARK 1.1. The condition (1) of the theorem is satisfied, whenever S is normal in some Sylow 2-subgroup of G.
In general, suppose p is a prime, G is a finite group, and S is a nonidentity p-subgroup of (?. Let Qd(G, S) be the family of all subgroups H of G that satisfy the following conditions: (a) S is a Sylow p-subgroup of H; and (β)H is p-constrained, and ^-stable (if p = 2, S 4 -free). Then, what are the relations among the elements of Qd (G, S) Ί Furthermore, what are the relations between G and the elements of Qd(G, S)l These problems were proposed by G. Glauberman and J. G. Thompson , and for which amazing progresses 98 MAKOTO HAYASHI have been made chiefly by them over the past ten years (c. f. [4] , [5] , and [6] ). The theorem is for p = 2 a weak analogue of the ZJ-Theorem [3] , in which G. Glauberman treated ^-groups, namely he succeeded in the Replacement Theorem for p-groups with class at most 2, p odd; And he applied it to prove that ZJ(S) <| H for any element H of Qd (G, S) . In contrast with this, since we can not find a suitable characteristic subgroup of S, we must directly analyze the relations among the solvable elements of Qd (G, S) .
The § §3 and 4 are used for preliminaries. In the §5, we get expressions among the solvable elements of Qd(G, S) through the intermediary S, and in the § 6, we apply them to some groups involved in G. In his paper [5] , G. Glauberman defined a new characteristic subgroup J(S) for a finite 2-group S which possesses good properties, in particular, in connection with J e (S) and Ω ί Z{S). In this paper, these good properties are exploited which make possible to prove the existence of W(S) which corresponds to ZJ(S), but unfortunately, which is not in general characteristic in S. We shall treat nonsolvable subgroups in [9] .
2* Notation and definition* All groups considered in this paper will be finite. For every finite set S, denote the number of elements of S by |S|. Let T and U be subsets of S. T\U denotes the set of all elements of T that do not belong to U. Let X be a finite group, and Y and Z be subsets of X. We write 7£ X (YaX) to indicate that Y is a (proper) subgroup of X Let YZ = {yz;yeY,zeZ} : and Y z = {z-'yz y e Y, zeZ}.
<•••;•••>
denotes the group which is generated by all such that . Let [y, z] = y~1z~~1yz for any pair of elements y and z of X, and [F, Z] ( [y, z] ;y e Y, zeZ). Y <| X if Y is a normal subgroup of X. For a finite group W, X cz W if X is isomorphic to W. W is involved in X if X contains subgroups X 1 and X 2 such that X 1 > X % and Xj X 2 ~ W; otherwise X is TF-free. For a set of primes π, π' denotes the set of all primes which do not belong to π. We say that X is a 7r-group if π contains the set of all prime divisors of \X\. X is π-closed if X possesses a unique maximal π-subgroup. X is a dihedral group if X is generated by two elements of order 2.
Suppose π is a set of primes. Denote by: N Z (Y) the normalizer of Y in X; G X {Y) the centralizer of Y in X; Z(X) the center of X; Ω X (X) the subgroup of X which is generated by every element of X that has prime order; Φ(X) the Frattini subgroup of X, that is, the intersection of all maximal subgroups of X;
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Proof, (a) [follows from [8, Theorem 6.4.1 (ii) Proof. Let Q be a Sylow ^-subgroup of H, where q is a prime which is distinct from r. By (1) , R normalizes some Sylow ^-subgroup of V for any prime divisor p of |F|, and centralizes it by [8, Theorem 5.3 Proof. Obviously, (b) follows from (a). Assume (b) . Let X be an involved group in H minimal subject to satisfying H Φ 0 3>2 , 3 (iϊ). Then, X possesses the following properties: (a) X = 0 2)3>2 (X), (/9)O 2 (X) is a nonidentity elementary Abelian group, (7) the order of a Sylow 3-subgroup Q of X is 3, and (δ)C x (Q) Π O 2 (X) = 1. So, N X (Q) is isomorphic to the symmetric group of degree three, and O 2 (X) is a four group. This implies that X C=L S\ as required. 
, there exists a (possibly trivial) characteristic subgroup T of S which is normal in H and H/T is r-closed.
Proof, (a) follows from the definitions. (b) follows from a theorem of P. Hall [8, Theorem 6.4.1, page 231] .
To prove (c), suppose Hz)O 2>r>2 (H).
Let T = S Π 0 2>rt2 (H), 11,= N H (T) , and H 2 -0 2>r (H)S. Then, #=> H, 2 S, 1 ^ i ^ 2, and H = j Hi j BΓg by the Frattini argument, which contradicts the fact that H is S-irreducible.
(d) follows from a theorem of H. Maschke [8, Theorem 3.3.1, page 66] .
(
e) By the Frattini argument, H = N H (S Γ) V)(VS). As O\H)V S,SQVSczH.
Since H is S-irreducible, H = N H (S n V), as required.
(f) Suppose O\H) g F. By (e), H = N H (S), which contradicts the fact that H is not 2-closed. Hence, VΏθ\H)S = H, as required.
To prove the latter part of (g), we may assume F2 O 2 (£Γ). Let H = H/V. Then, a theorem of R. Baer [8, Theorem 3.8.2. page 105] implies that H possesses involutions x and y such that (x, y) is not a 2-group, which implies (g).
To prove (h), assume H Φ O r (H)S; then, by Theorem 3.
Since H is S-irreducible, we get (h).
(i) Let T be a characteristic subgroup of S maximal subject to satisfying Γ< ΉL By Theorem 3.1, H=C^Z(S))N^ (J e 
(S))(O(H)S).
Then we conclude H = O(1Γ)S by (a) and the maximality of T. LEMMA (3.12.1 ) 
Let Γ=(Snΰ,;U^ w>. By (3.12.5), (3.12.8 
) T <\ (N D (S), H) .
Let 72 be a Sylow r-subgroup of H. Then, by (3.12.2) , (3.12.3) and (3.12.7) ,
So, by (2) and Lemma 3.11(c) . (3.12.10) HIT is r-closed.
By (3) (Rt) x ; x e iQ £ A, 1 ^ ΐ ^ w, we get (b) . By (4) and (5) 
)-group with a Sylow 2-subgroup S, and HQ <L,; 1 ^i^t); (c) £/&ere exists a subgroup T of S which is normal in (N D (S), Li] 1% i ^ ty, and
<L έ ; 1 ^ i ^ ί)/jΓ is r-closed. (d) /or eαcfo L if 1 ^ i ^ t f O 2 (L<) is contained in some D 3 , 1 <î ^ ( e) ΐ/ ίί = N H (J e (S)), then L t -N Li (J e (S)) for all i;l£i£ t; (f) i/ ίί ^ N H (J e (S)), then L t Φ N L .
(J e (S)), l^i^t; and (g) if H/VΓι S is r-closed, then LJVΠ S is r-closed, 1 <^ i <*t.
Proof. In this proof, let X -XVIV for any subgroup X of D. By Lemma 3.12, there exist subgroups {K^ 1 <; i <; w} of 5 which satisfy all the conclusions of Lemma 3.12. Let F 1 be a Hall {2, r}-subgroup of the pre-image of {j^; 1 ^ i <; n) in D which contains H. Then, by (4) and Lemma 3.12(c), (3.13.1) F 1 is a {2, r}-group with a Sylow 2-subgroup
S,H^F 1 and F x = (K t ; 1 ^ i ^ n) .
By Lemma 3.12(d) , there exists a subgroup T of S such that: (3.13.2) f < <iV^(S), F x > and ^/f is r-closed.
Let T be the intersection of S and the pre-image of T if H is not r-closed; otherwise, T -S Π F. Then, by (2) and Lemma 3.11(e), (3.13.3) H= N H (T) .
Let F 2 = N F ,(T).
Then, by (3.13.3) , Lemma 3.12(c) and ( (2) and Lemma 3.11(d) 
By (3.13.4), Lemma 3.12(e) and (f), (3.13.6) T<\ F and F/T is r-closed; and
By Lemma 3.12(g), (3.13.8) if jff/Fn S is r-closed, then F/FίlS is r-closed.
By (3.13.7), (3.13.9 
) F= ((FΠ A)S; l^i^n) .
Since S is a Sylow 2-subgroup of (F f] DJS, by Lemma 3.10,
S is generated by S-irreducible subgroups with a Sylow 2-subgroup S,l ^ i ^ n .
Therefore, there exist subgroups {L t ; 1 ^ i ^ ί} of i* 7 which satisfy the following conditions:
Li is an S-irreducible group with a Sylow 2-subgroup (3.13.11) .
Furthermore, by (3.13.9), (3.13.13) (W, l^i^t) = F .
Then, we may assume that:
Now, we check that {L έ ; 1 ^ i ^ ί} satisfy all the conclusions of this lemma. Since F is a {2, r}-group, (a) follows from (3.13.11), and (b) follows from (3.13.5) and (3.13.13). Since T<\N D (S), (c) follows from (3.13.6). (d) follows from (3.13.12). And, (g) follows from (3.13.8) .
To prove (e), suppose H = N H (J e (S)).
(J e (S)) for all i; 1 <^ i ^ ί, which proves (e). Next, suppose H Φ N H {J e (S)). Then by definition, (3.13.15 )
By ( 
Proof. Take an arbitrary element {fc x , , fcj of Γ. We may assume that {k u , fc β } = {1, , «}, renumbering if necessary. Let F o = F n (Π/Li j &fc), and let ^Λ be the projection mapping from Y o to E k , 1 ^ fc ^ s.
By minimal nature of {1, , s}, (3.14.1) Kerf fc = 1, and lmψ k Φ 1, I ^ k ^ s .
Since Γ o < Γ, by (3.14.1), (B.I) and (B.0),
By (3.14.1) and (3.14.2), we conclude that ^k is an isomorphism
To prove (a), take distinct elements {k u •••,&,} and {i ly ••-,,?*} of Γ.
Let F^Γn (Π;=i^), and Y 2 = ΓΠ (ΠU •#,-,). By minimality of {fc lf -, fc.} and 0\, ., j t ), Γ x n Γ 2 = 1. Since Yi<Γ and Γ 2 <]Γ, (3.14.4) [^,5^ = 1.
, ij Φ 0, and take ft in this intersection. By (3.14.4) and (
which contradicts (B.I), and (a) is proved. Then (B.0) implies that Λ = U7 (disjoint union), where 7 ranges over all the elements of Γ. Then (3. 14.3) yields (b) , and (c) follows from (b) and (B.2).
Assume equality holds in (c). By (c), r is even, and we may assume that Γ = {{&, k + r/2}; 1 ^ k ^ r/2}. By (a) and (3.14.3),
Y= TΪ (YΠ (E k x E k+r/2 )) ~ ft E k , which proves (d).
(e) follows from (b) and (B.0). Finally, to prove (f), take an arbitrary subscript k and an arbitrary element x k of E k . By (B.0), Y possesses an element y such that y -x 1 -av x r , where Only Proof. The proof is separated into seven steps. In the first step, we will note down the matters which will be needed for the development of the proof.
Step Since N leaves invariant Y, N induces a permutation of Γ. By Proposition 3.14(a) and (l.c), Γ = {γ x ;xeN}, which proves (l.d). Suppose Hypothesis (B.0) is satisfied and the length of some element of Γ is equal to 2. Then by (l.d), the lengths of all elements of Γ are equal to 2. (l.e) follows from (l.d) and Proposition 3.14(e).
Step 
Proof of Step 2. Let R = (R\\ yeS).
By (1), R is an S-invariant g-subgroup of W. By (3), there exists an element x of T such that El Φ E k . By (B.4.2), (3.15 
Since Γ is iV-invariant, by (2) (Q) y ; y e N N (E k )} = E k . Thus, this step follows from Step 2.
Let {l ; x e O 2 (iV) n S} -{1, 2, , w}, and {l x ; x 6 Jϊ} = {1, 2, , fe}, renumbering if necessary.
Step 4. Assume w Φ s. Then Step 5. NsiEJ is a Sylow 2-subgroup of
Proof of
Step 5. In this proof, for any natural number n, let n 2 be the highest power of 2 which divides n.
Let v = fe/w.
By
Step 4, we have that either s = w or s = 2w and i; is even. Thus, (3.15.10) s ^ wv 2 .
Since 1^(^)1, = |ίί| 2 //ι 2 = |S|/wv 2 -liV^JKβ/wv,), (3.15.10) implies that INH^E^IZ^ INsiE^l, which proves this step.
Step 6. Assume T does not normalize some E k , 1 ^ k ^ h. Then (6.a) Hypothesis B.IΠ is satisfied; (6.b) h is even; and (6.c) for some suitable renumbering, whenever 1 <^ k ^ h/2, then {k, k + h/2} lies in Γ, and {k, k + fe/2}' = {k, k + fe/2} for any element t of T. This implies (6.b). Moreover, renumbering if necessary, we may assume: {k, k + ft/2} lies in Γ, 1 <^ k ^ ft/2. To prove the final assertion of this step, take an element ί of Γ and an element {k, k + ft/2} of Γ, 1 ^ k ^ ft/2. Then by the above, k = k* or {fc, &*} lies in Γ, so that {k, k + ft/2}Π{&, fc + ft/2}' Φ 0. Then by (3.15.11), {k, k + ft/2}* = {fc, Λ + ft/2}, as required.
Proof of Step
Step 7. O\O*'(H)) normalizes each E k ,l^k^h. 
O\O*\H)) £ ft .
Since the lengths of all elements of Γ are equal to 2 and 0\0 2 '{H)) is generated by elements of odd order, O\O 2 \H)) must fix each E k , 1 ^ & 5g ft. Hence this step is proved. 
H = OW'(H))N H (S) .
So, by (B.3), (3.15.12 ) N = ψχσ\H)), N N (S)) .
Take an element g of N N (S).
Let Q* = (πάQY' y eS), k = 1% and 7 be an element of Γ which contains k. By (B.5), Q* is an 
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U N a (E k )) <\ H. By (1) and Lemma 3.11(f), 
0,(H)( ή N u (E k )) = H .
(Y).
By Lemma 3.14(f),
Since x is an arbitrary element of 0
(H), we conclude that O (H)Q WC M (W). Hence this lemma is proved.
4* Preliminaries in the minimal situation* From now on, we shall prove the theorem by way of contradiction. Let π be a set of primes. Suppose that G is a finite group, and S is a nonidentity 2-subgroup of G. Assume that (π, G, S) satisfies all the assumptions of the theorem, but violates the conclusions of the theorem. Take G of minimal order and, subject to this condition, take S of minimal order. LEMMA 
Let T and T o be subgroups of S. Assume: (1) lcΓ o gΓcS; (2) T<\N G (S); and (3) T 0 <\N G (T). Then (a) T Q < N G (S). So by the assumption (1) of the theorem, there exists a Sylow 2-subgroup U of N G (T 0 ) in which S is normal. Then, (b) T<]U; (c) mNσ(T Q )/C β (T Q ):π) = 0; (d) there exists a unique nonidentity subgroup W(T) of T maximal subject to satisfying the following condition: (d.l) W(T) < N G {T); and (d.2) W(T)O(H) <\ H for any π-subgroup H of G such that the pair (H, T) satisfies Hypothesis A. Let N -N G {T). Suppose that S Q /T is a nonidentity subgroup of S/T which is normal in N N/T (S/T). Then, (e) SJT<iUIT; (f) ^r(N N/τ (S 0 /T)!C N/τ (S 0 /T): π) = 0; (g) there exists a unique nonidentity subgroup W(S/T) of S/T maximal subject to satisfying condition: (g.l) W(S/T)<\N N/T (S/T); (g.2) W(S/T)O(H/T) < H/T for any π-subgroup H/T of N/T such that the pair (H/T, S/T) satisfies Hypothesis A.
Proof. Obvious.
Notation. In the following discussion, without notice, we shall use the following notation: for any subgroup T of S such that lcΓcS and T<]N G (S), we denote by W(T) (or W(S/T)) the subject to satisfying the conclusions of (d) (or (g)) of Lemma 4.1. 
Proof Assume (a). Then, K = N K (S)O(K), which shows (b). Conversely, assume (b). Then, K = N K (S)O(K) -N K (S)(O(K)S).
Since i£ is S-irreducible, it follows that iΓ = JV X (S) or iί = 0(K)S, which proves (a). (b) 
LEMMA 4.3. Suppose Si is a subfamily of $ G (S), none of whose elements are 2'-closed. Let K be an element of ®. Assume that 1 c O s {®). Let v = MK). Then (a) O s (®) < (N G (S), He®), and O S (B) = S Π O 2 ((N G (S), He®));
Proof, (a) Let iί be an arbitrary element of B. Since ίί is an S-irreducible group which is not 2'-closed,
which implies the former part of (a).
Let 5Γ = Sn O 2 ((N G (S), He®)).
By the former part of (a), O s (®) Q T. On the other hand, for any element L of ® f L\>Lf] O 2 ((N G (S),He®)) = T, which shows T^O S (®).
Hence, (a) is proved.
Let X = XW($t:v)/W($:v)
for any subgroup X of K. By Lemma 3.11(a), K is S-irreducible. Suppose K is not 2'-closed. By induction,
K -Nκ(Wφ))O{K) = Nχ(W(S))(O(K)S) -N«
Hence, K > TΓ(Λ: v + 1) =) W(®: v), which contradicts j; -f x (K). Thus, (c) is proved. (d): By (a), K\>O S {K). By maximality of O S (K), O S (K) 2 TΓ(Λ: v). Then, (c) yields (d). (e) By (d), [K,VO S (K)]QVO S (K). Since VO s (K)<\N β (S), 7g 7Ό S (JBL) C O s (iL) by maximality of O S (JBΓ), which proves (e). (f) Let μ -/ β (L). By (c), [O\K\ O S (K)] Q W(®: v) c T7(^: ^ £ O S (L)
, which proves (f), and this lemma.
LEMMA 4.4. Let ® be a subfamily of g β (S). Assume that there exists a subgroup T of S which satisfies the following conditions:
(1) lcΓcS; (2) T<\N G (S); and
Proof.
Let St = {K t ; 1 ^ i ^ ί}, and L, -OXKJT, l^i^t. By (3) Proof. Since (G, S) is a counterexample to the theorem, Take an element φ of ^^°(G). And let: § = {fl*; 1 ^ A; ^ m} and In this section, we shall investigate the relations among the elements of φ, and also the relations between the elements of φ and the other elements of $ G (S) We shall employ the above notation throughout this paper. Proof. Take a subfamily Λ of g β (fif) with |Λ|^2. Then, Lemma 3.11(h) implies that Ωtfiβ), Ω.ZJiS) or J e (S) is contained in O s (St) 9 which proves this lemma. By Lemma 3.11(b) , H k is a {2, pj-group with a nonidentity Sylow Pfc-subgroup for some odd prime p k . Then by (a) and Lemma 3.9, p k Φ 3, which proves (c). On the other hand, by the assumption,
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Similarly, as H k eσ(H h ),
By ( Since |φ| is finite, (c) follows from (a) and (b) . Thus, this lemma is proved.
According to the preceding lemma, we may consider σ as an element of a permutation group on φ. (Hi) for all i; 1 <; i <; m, which contradicts Lemma 5.5. Hence (b) holds. This lemma is proved. (H k ) , which contradicts Lemma 5.8 (b) . Hence (c) is proved, (d) follows from (a), (b) and (c). Thus, this lemma is proved. Proof. Lemma 5.8 implies that the following (a), (β) and (7) are equivalent: for any element L and
for any element N of St with NΦL. Therefore, (a) follows from the equivalence (a) to (/S). (b) follows from the equivalence (a) to (7). Then (c) follows from (a) and (b) . By the preceding lemma and Lemma 5.8, we obtain:
, m. Let K be an element of %G(S) . Proo/. Let F = ΠU <λs(ίQ. By (1), (2) and Lemma 4.3(e), T £ V. By (2) (3) . Hence S = VO^lϊt+i), as required.
Next, we shall prove the dual statement of the preceding lemma in some sense.
LEMMA 5.15. Fix k = 1, 2, , m. Suppose 5£ = {!£*; 1 <; i <£ ί} is α subfamily of g β (S). Lei T be a subgroup of S.
Assume:
Proof. We shall use induction on t. By (1), (2) By (2) 
So, by (5.16.1),
fij = N aj (J.(S))(C JIJ (Ω 1 zS(T))S)(O(DS) .
Since JEZ> =£ N Hj (J e (S) ) and fl, =* O(fly)S, (3) By (2), (3) By (3), (6) By Lemma 5.2(c), we recall that for some odd prime q ^ 5, H k is a {2, <?}-group with a nonidentity Sylow ^-subgroup. From now on, q denotes the prime such that H k is a {2, #}-group. Since the trio of elements H jf H k and H k+1 satisfies the conclusions of Lemma 5.18, the former part of (c) follows from Lemma 5.18(c). Then the latter part of (c) follows from (b) . 
